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Abstract 

Bi-presymplectic chains of one-forms of co-rank one are consid- 
ered. The conditions in which such chains represent some Liouville 
integrable systems and the conditions in which there exist related 
bi-Hamiltonian chains of vector fields are derived. To present the 
construction of bi-presymplectic chains, the notion of dual Poisson- 
presymplectic pair is used and the concept of d-compatibility of Pois- 
son bivectors and d-compatibility of presymplectic forms is introduced. 
It is shown that bi-presymplectic representation of related flow leads 
directly to the construction of separation coordinates in purely algo- 
rithmic way. As an illustration bi-presymplectic and bi-Hamiltonian 
chains in M 3 are considered in detail. 
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1 Introduction 



Symplectic structures play an important role in the theory of Hamiltonian 
dynamical systems. In the case of a non-degenerate Poisson tensor the dual 
symplectic formulation of the dynamic can always be introduced via the 
inverse of the Poisson tensor. On the other hand, many dynamical systems 
admit Hamiltonian representation with degenerate Poisson tensor. For such 
tensors the notion of dual presymplectic structures was developed [TT| 16*1 |2"| 13] . 

The presymplectic picture is especially interesting for Liouville integrable 
systems. There is a well developed bi-Hamiltonian theory of such systems, 
starting from the early work of Gelfand and Dorfman [7] . Particularly inter- 
esting are these systems whose construction is based on Poisson pencils of 
the Kronecker type [E1E], with polynomial in pencil parameter Casimir func- 
tions, together with related separability theory (see [I], [TU] and references 
quoted there in). The important question is whether it is possible to formu- 
late an independent, alternative bi-presymplectic (bi-inverse-Hamiltonian in 
particular) theory of such systems with related separability theory and what 
is the way the two theories are related to each other. 

The presented paper develops the bi-presymplectic theory of Liouville in- 
tegrable systems and related separability theory in the case when the co-rank 
of presymplectic forms is one. The whole formalism is based on the notion of 
d- compatibility of presymplectic forms and d- compatibility of Poisson bivec- 
tors. 

Let us point out that although the case of co-rank one is very special, 
nevertheless is of particular importance. Actually, the majority of physically 
interesting Liouville integrable systems from classical mechanics belong to 
that class of problems. In particular it contains all systems with quadratic 
in momenta first integrals whose configuration space is flat or of constant 
curvature. So, it seems that the case of co-rank one is worth separate in- 
vestigation. On the other hand it is clear that in order to complete the new 
theory a generalization to higher co-rank is necessary. In fact the work is in 
progress, although it is a non-trivial task as the systems with higher co-ranks 
show specific properties not shown in the case of co-rank one. 

Another question the reader can ask is about the relevance of the formal- 
ism presented. As we know, it is a well established bi-Hamiltonian separa- 
bility theory, so what can we gain when applying its dual bi-presymplectic 
(bi-inverse-Hamiltonian in particular) counterpart. The answer is as follows. 
In the bi-Hamiltonian approach the existence of bi-Hamiltonian representa- 



2 



tion of a given flow is a necessary condition of separability but not a sufficient 
one. In order to construct separation coordinates, a Poisson projection of the 
second Hamiltonian structure onto a symplectic leaf of the first one has to be 
done. Unfortunately, it is fare from trivial non-algorithmic procedure that 
should be considered separately from case to case. Moreover, there is no 
proof that it is always possible. Contrary, once we find a bi-presymplectic 
representation of a flow considered, the construction of separation coordi- 
nates is a fully algorithmic procedure (in a generic case obviously), as the 
restriction of both presymplectic structures to any leaf of a given foliation 
is a simple task. For this reason we do hope that the new formalism pre- 
sented in the paper is relevant for the modern separability theory and hence 
interesting for the readers. 

The paper is organized as follows. In section 2 we give some basic in- 
formation on Poisson tensors, presymplectic two-forms, Hamiltonian and in- 
verse Hamiltonian vector fields and dual Poisson-presymplectic pairs. In 
sections 3 and 4 the concept of d-compatibility of Poisson bivectors and d- 
compatibility of closed two- forms is developed. Then, in section 5, the main 
properties of bi-presymplectic chains of co-rank one are investigated. We 
present the conditions in which the bi-presymplectic chain is related to some 
Liouville integrable system and the conditions in which the chain is bi-inverse- 
Hamiltonian. The conditions in which Hamiltonian vector fields, constructed 
from a given bi-presymplectic chain, constitute a related bi-Hamiltonian 
chain are also found. We also illustrate a construction of separation co- 
ordinates once a bi-presymplectic chain is given. In last sections 6, 7 and 
8, we investigate in details, with many explicit calculations and examples, a 
special case of bi-presymplectic and bi-Hamiltonian chains in IR 3 . 

Finally, let us remark that our treatment in this work is local. Thus, 
even if it is not explicitly mentioned, we always restrict our considerations 
to the domain £ of manifold M where appropriate functions, vector fields 
and one-forms never vanish and respective Poisson tensors and presymplectic 
forms are of constant co-rank. In some examples we perform calculations in 
particular local chart from S. 

2 Preliminaries 

On a manifold M a Poisson tensor is a bivector with vanishing Schouten 
bracket. A function c : M — > R is called the Casimir function of the Poisson 
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operator II if Tide = 0. A linear combination 11^ = Hi — An (A G M.) of 
two Poisson operators il and Hi is called a Poisson pencil if the operator 
U\ is Poisson for any value of the parameter A. In this case we say that IIo 
and 111 are compatible. Having a Poisson tensor we can define a Hamiltonian 
vector fields on M. A vector field Xp related to a function F G C°°(M) by 
the relation 

X F = TldF, (2.1) 

is called the Hamiltonian vector field with respect to the Poisson operator n. 

Further, a presymplectic operator SI on M defines a two-form that is 
closed, i.e. dQ = 0, degenerated in general. Moreover, the kernel of any 
presymplectic form is always an integrable distribution. A vector field X F 
related to a function F G C°°(M) by the relation 

nX F = dF (2.2) 

is called the inverse Hamiltonian vector field with respect to the presymplectic 
operator Q. 

Definition 1 A Poisson bivector U and a presymplectic form Q are called 
compatible if QUQ is a closed two-form. 

Any non-degenerate closed two form on M is called a symplectic form. 
The inverse of a symplectic form is an implectic operator, i.e. invertible 
Poisson tensor on M and vice versa. 

Definition 2 A pair (n, Q) is called dual implectic- symplectic pair on M 
ifU is non-degenerate Poisson tensor, Q is non- degenerate closed two-form 
and till = Tltt = I. 

So, in the non-degenerate case, dual implectic-symplectic pair is a pair of 
mutually inverse operators on M. Moreover, the Hamiltonian and the inverse 
Hamiltonian representations are equivalent as for any implectic bivector n 
there is a unique dual symplectic form Q = U^ 1 and hence a vector field 
Hamiltonian with respect to n is an inverse Hamiltonian with respect to O. 

Let us extend these considerations onto a degenerate case. In order to do 
it let us generalize the concept of dual pair from [3] . Consider a manifold M 
of an arbitrary dimension m. 
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Definition 3 A pair of tensor fields (II, fi) on M of co-rank r, where U is 
a Poisson tensor and Q is a closed two-form, is called a dual pair (Poisson- 
presymplectic pair) if there exists r one-forms ctj and r linearly independent 
vector fields Z{, such that the following conditions are satisfied: 

1. ai(Zi) = 5ij, i = l,2...r. 

2. ker II = Sp{ai : i — 1, . . . r}. 

3. kerfi = Sp{Z, t : i = l,...r}. 

^. TVie following partition of unity holds on TM , respectively on T*M 

r r 

I = UQ + ^ <g> a;, 7 = fin + ^ on <g> ^. (2.3) 

1=1 8=1 

Contrary to the non-degenerated case, for a given Poisson tensor II the 
choice of its dual is not unique. Also for a given presymplectic form Q the 
choice of dual Poisson tensor is not unique. The details are given in the next 
section. For the degenerate case the Hamiltonian and the inverse Hamiltonian 
vector fields are defined in the same way as for the non-degenerate case. But 
for degenerate structures the notion of Hamiltonian and inverse Hamiltonian 
vector fields do not coincide. For a degenerate dual pair it is possible to find 
a Hamiltonian vector field that is not inverse Hamiltonian and an inverse 
Hamiltonian vector field that is not Hamiltonian. Actually, assume that 
(n, Q) is a dual pair, Xp = UdF is a Hamiltonian vector field and dF = QX F 
is an inverse Hamiltonian one-form, where X F is an inverse Hamiltonian 
vector field. Having applied Q to both sides of Hamiltonian vector field, n 
to both sides of inverse Hamiltonian one-form and using the decomposition 
O we get 

r r 

dF = Q(X F ) + Zi(F) ai , X F = X F -J2 «,(^ F )^- (2-4) 

i=l i=l 

It means that an inverse Hamiltonian vector field X F is simultaneously a 
Hamiltonian vector field Xp, i.e. X F = Xp, if dF is annihilated by ker(fi) 
and X F is annihilated by ker (II). 

Finally, for a dual pair (n, Q), the following important relations hold 

[Z h ZA=0, L Xf U = 0, L Zi U = 0, L xF il = 0, L Zi n = 0, (2.5) 

where Lx is the Lie-derivative operator in the direction of vector field X and 
[. , .] is a commutator. 
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3 D-compatibility for non-degenerate case 



In the following section we introduce a notion of d-compatibility when a dual 
pair is implectic-symplectic one, i.e. when it is of co-rank zero. Let M be a 
manifold of even dimension m = 2n. 

Definition 4 We say that a closed two-form Cli is d- compatible with a sym- 
plectic form fl if Ho^no is a Poisson tensor and U = Q^ 1 is dual to 

Definition 5 We say that a Poisson tensor IT is d-compatible with an im- 
plectic tensor ITo if ^Iq^i^o is closed and CIq = IIq 1 is dual to LTo. 

Now, the following theorem relates d-compatible Poisson structures, of 
which one is implectic, and d-compatible closed two-forms, of which one is 
symplectic. 

Lemma 6 

(i) Let an implectic tensor LTo an d a symplectic form Qq be a dual pair. Let 
a Poisson tensor IT be d-compatible with LTo. Then Qq and Q\ = QqUiQq 
are d-compatible closed two-forms. 

(ii) Let an implectic tensor n and a symplectic form Qq be a dual pair. Let 
a closed two-form Qi be d-compatible with Qq. Then Uq and Hi = Uq^IiIIo 
are d-compatible Poisson tensors. 

Proof. We have n fio = ^ollo = I- 

(i) The form fiollifio is closed since (LTq, LTi) are d-compatible. The forms 
(f2 , Qi) are d-compatible as the tensor 

iLAn = n ftonifi no = Hl 

is a Poisson tensor. 

(ii) The tensor IT is Poisson since (Qq, Q±) are d-compatible. The Poisson 
tensors (Ilo, IT) are d-compatible as the form 

^o-L-^^o = ^ono^illo^o = ^i 

is closed. □ 
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What is important, in the case considered the notions of d-compatibility 
and compatibility of Poisson tensors are equivalent. Actually, one can show 
(see for example [5]) that if f2oIIif2o is closed (which means d-compatibility 
of Ho = fig 1 an d III) , then Ho and 111 are compatible and vice versa, if 
Ilo and 111 are compatible, then f^IIi^o is closed and hence Ho and 111 are 
d-compatible [2J. 

4 D-compatibility for degenerate case 

Let us extend the notion of d-compatibility onto the degenerate case. 

Definition 7 A closed two-form Q is d-compatible with a closed two-form 
Q\ if there exists a Poisson tensor n 0; dual to Q , such that IIqQ^q is 
Poisson. Then we say that Q\ is d-compatible with with respect to Ho- 

Definition 8 A Poisson tensor ITx is d-compatible with a Poisson tensor 
n if there exists a presymplectic form Q , dual to Uq, such that Q UiQ is 
closed. Then we say that Hi is d-compatible with n with respect to O - 

In the rest of the paper we restrict our considerations to the simplest 
case, when dual pair considered is of co-rank one and our manifold Ai is of 
odd dimension dim M. = m = 2n + 1. 

As was mentioned in the previous section, a presymplectic form dual to a 
given Poisson tensor is not unique. The set of all presymplectic forms dual to 
II is parametrized by an arbitrary differentiable function on Ai. Moreover, 
as n is Poisson then an arbitrary element of its one-dimensional kernel has 
the form a = fidH, where \x is an arbitrary differentiable function on Ai and 
if is a Casimir function of II. 

Lemma 9 Let U be a fixed Poisson tensor and Q be a dual presympectic 
form. Assume that a = fidH G kerll, Z G kerf2 and a>(Z) — 1. A presym- 
plectic form Q' is dual to IT if and only if 

Q' = Q + dH A dF, (4.1) 

where F is an arbitrary differentiable function on Ai. 
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Proof. First observe that Z' = Z + -UdF is an element of ker £1' and that 
fiZ'(H) = /jlZ(H) = 1. Then, 

Un' = ITfi - LW ®dH = I - ^iZ ®dH - IldF ®dH = I - fiZ' <8> dif, 

so fi' is dual to II. 

Let f2 and Q' be presymplectic forms dual to IT. Let Z' G ker Q' and fj,Z(H) = 
fiZ\H) = 1. We have 

rm = / - ^z ® dfl". 

nfi' = J - pZ' ® dH. (4.2) 
Multiplying (14.21) by f2 we get 

nmr = n - fjn(z') g> d#. 

Then, using the partition of unity, we find 

(/ - fidH <g> z)n' = n- fjn(z') ® dH, 

and 

{}' -tt = -fidH <g> fT(Z) - /ift(Z') ® 
Since Q' — f2 is closed form we have 

liSl(Z') = -/ifi'(Z) = dF- Z{F)a 

and hence (14.11) . □ 

We also have a freedom in the choice of a Poisson tensor dual to a given 
two-form. The set of all Poisson tensors dual to Q is parametrized by an 
arbitrary vector field K which is both Hamiltonian and inverse-Hamiltonian 
with respect to a dual pair. 

Lemma 10 Let Q be a fixed presymplectic form and IT be a dual Poisson 
tensor. Assume that Z G kerf2, a G ker II and a(Z) = 1. Let K be a vector 
field such that 

K = UdF, dF = ttK Z(F) = 0, K(a) = (4.3) 

for some function F. Then, a Poisson tensor IT is dual to Q if and only if 
it has a form 

n' = n + z a k. (4.4) 
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Proof. First we show that IT' is Poisson. Indeed consider a Schouten bracket 

[IT, U'] s = —Z A L K T1 + KA L Z T1 - 2K A [Z, K] A Z. 

Since L K U = 0, L Z U = and [Z, K] = 0, we have [IT, IT] s = 0. Let a = 
fidH, then observe that a' G ker IT takes the form a' = fidH' = fidH + dF. 
Moreover, fiZ(H) = fiZ(H') = 1 and 

WQ = HQ — Z ® VtK = I — fiZ ® dH — Z ® dF = I — fiZ ® dH', 

so IT is dual to fl 

Let II and II' be Poisson tensors dual to Q. Let fidH G ker IT, fidH' G ker II' 
and fiZ[H) = fiZ(H') = 1. Using the partition of unity we get 

fin = I - fidH ® Z 

and 

QIT = I - fidH' <g> Z. (4.5) 
Multiplying equation (j4.5p by LI we get 

imiT = n - fi(UdH') ® Z 

and 

{I-fiZ® dH)W = LI - fi(UdH') ® Z. 
Transforming the above equality we find 

it = n - //Z ® n'di? - fi(udH') ® z. 

As IT is skew-symmetric, we can put —fiU'dH = fiUdH' = K, so K = UdF, 
VLK = dF and hence (Oft . □ 

Theorem 11 Lei a Poisson tensor LI and a closed two-form Q form a dual 
pair. Let Y G kerf2 ? fidH Q G ker LI and fiY (H ) = 1. 

(%) // LIi zs a Poisson tensor d-compatible with LIo wit/i respect to Qq, then 
forms Qq and Qi = QqIIiQq are d-compatible. 

(ii) If Qi is a closed two-form d-compatible with Q with respect to U , then 
Poisson tensors LI and LIi = ITofiilTo are d-compatible, provided that 

/iLLAYo = U dF (4.6) 

for some function F. 
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Proof. 

(i) fli is closed as Hi is d-compatible with II . Then, n fiiIIo = nofiollifiorio 
is Poisson (as was shown in [2]). 

(ii) From the d-compatibility of Qq and Qi it follows that Hi is Poisson. 
Then, 

n nifi = fioIIofiin fio = (I-iidH <S>Y )n 1 (I-iiY <S>dH ) = tti+[idH AQi(Y ). 
From the assumption HqQi^Yq = UodF it follows that either 

Q 1 ( f iY ) = dF if Y (F) = 

or 

nx(jiY Q ) = dF - /2Y (F)dH if Y o (F)^0 
In both cases f^n^o = tti + dH A dF is closed. □ 

Theorem 12 Let a Poisson tensor Ho and a closed two-form Qq form a dual 
pair. Let Y G kerf2 , fidH G kerllo and fiY (H ) = 1. 

(i) If Hi is a Poisson tensor d-compatible with Yl with respect to Q and 

X = TlidHo = H Q dHi (4.7) 

is a bi-Hamiltonian vector field, then Qq o/nd Qi = f2oIIif2o + dHi A dHo is 
d-compatible pair of presymplectic forms. 

(ii) IfQi is a presymplectic form d-compatible with Q with respect to H and 

P = fiQ Yi = fiQiY (4.8) 

is a bi-presymplectic one-form, then Ho and Hi = UqQiUq + X A fiYo, are 
d-compatible Poisson tensors if there exist some functions F and G such that 

fxU n Yi = H dF, /inofiiFi = Il dG, (4.9) 

where X = Ii (3 = H dF. 

Proof. 

(i) Qi is closed as Hi is d-compatible with n . Then, Ho^Ho = n f2onif2oIlo 
is Poisson (as was shown in [2]). 
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(ii) From (jUD it follows that either Y (F) ^ 0, Y (G) + and 

/i^ Yi = dF- nY (F)dH , = dG - /2Y (G)dH , 

or Y (F) = Y Q (G) = and 

fiY! = X, /iQ Y 1 = n x = dF, n$l 1 Y 1 = n x x = dG. 

By previous theorem part (ii) the form f^n^o = ^ITofixIiofio is closed. 
Let us prove that 111 is a Poisson tensor. We show that the Schouten bracket 
of 111 is zero. First observe that 

[U u ILjs = 2[n fiin , X A fjY ] s + [X A fjYo, X A fjY ] s , 

as by previous theorem [Eq^ITo, n fiiIIo]s = 0. Next 

[n<An , X A fiY ] s = fiY A n d(^iX)n — X A U d(n lf iY )U 

and 

[X A /iF , X A fxY ) s = IX A fiY A [fiY , X]. 

In the case when Q Q X = dF and Q X X = dG we have [juYo,X] — ~X(fi)Y 
and the proof is completed. In the second case 

[fiY ,X] = [ f iY ,U n 1 fiY ]=L^ Yo (U n 1 )fiY = U (L^ Yo n 1 )fiY -(U dfiAY )(3 
= U d(n lf iY )fiY + f3(Uodfi)Y = U (df3)fiY + f3(Uod^)Y 
= -n d(fjY (F)) + P(U dfi)Y . 

Also 

nQ 1 Y 1 = n 1 X + nY (F)P, 

hence 

Q X X = dG- fiY (F)dF + \pY (F)] 2 dH - /j,Y (G)dH . 

So, 

n d(fiiX)n = —u d(fjY (F)) a x. 

Finally 

Il d(ftxfjY )U = U d(3U = 
and the proof is completed. □ 
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5 Bi-presymplectic chains 

Now we are ready to present the main result of the paper. 

Theorem 13 Assume that on Ai we have a bi-presymplectic chain of one- 
forms 

Pi = ftQoYi = /iQxYi-i, i=l,2,...,n (5.1) 

with d-compatible pair (Qq,Qi) with respect to some Uq, which starts with a 
kernel vector field Y of f2 and terminates with a kernel vector field Y n of 
Qi, where \i is an arbitrary function. Then 

(i) 

n (Y l ,Y j ) = tt 1 (Y i ,Y 3 )=0, z = l,2,...,n. (5.2) 

Moreover, let us assume that 

U Q Pi = X t = U dH h % = 1, 2, . . . , n (5.3) 

which implies 



Pi = dH t - fiY (Hi)dH , 
t MY i = X i + f M 2 Y i {H )Yo, 

where U dH = 0. Then, 



(5.4) 



(n) 

U (dHi, dHj) = [Xi, Xj] = (5.5) 
and equation ( f5. 1\) defines a Liouville integrable system. 

Additionally, ifYi(H ) = Y (Hi), then 

(Hi) Hamiltonian vector fields Xi ( f5. 3\) form a bi-Hamiltonian chain 

Xi = UodHi = UidH^x, i = l,2,...,n (5.6) 

where Hi = UqQiIIq + X\ A fiY . The chain starts with H , a Casimir ofUo, 
and terminates with H n , a Casimir of Hi. 

Proof. 

(i) From (15.1 j) we have 

&o(Yi,Yj) = Qo(Yi-x, Yj + i) 

^i(Yi,Yj) = n (^i+ij ^j'-i)- 
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Then ( 15.21) follows from 

n (Y l ,Y )=o n 1 (Y i ,Y n ) = o. 

(ii) From properties of dual pair (Ilo, £Iq), if Xi = UodHi then 

U (dH u dH J ) = n (X u X ] ). 
On the other hand as Xi = fiYi — ajYo h follows that 

(iii) We have 

X, = U dHi = iMoSlxYi-! = W^Xi-! + ^YoiH^Yo) = 

Uo^UodHi^ + l iY Q {H i . x )X 1 = 

(n fiin + x x a ^dH^ = n^Hi-t. 

From the Theorem (|T2|) we know that TIi is a Poisson tensor d-compatible 
with n . We have 

lixdHn = {UoQxUo + Xi A fiY Q )dH n = n fiiX n + ^{H^Xx = 
fiU n 1 (Y n -fiY (H n )Y )+f,Y {H n )X 1 = -fiY (H n )X 1 + fiYoiH^Xt = 

□ 

A simple example of bi-presymplectic chain and its equivalent bi-Hamiltonian 
representation was given in [2] where the extended Henon-Heiles system on 
M 5 was considered. Actually it is the system with Hamiltonians 

11 1 
Hi = -jf\ + + Qi + 2?i92 - c Qu 

where are canonical coordinates and c is a Casimir coordinate. We will 
come back to this example in the end of this section. 

Note that the Theorem [TBI holds in an important special case when (15. ip 
is bi-inverse-Hamiltonian, i.e. fa = dHi, Y (Hi) = 0, i = l,...,n. Obviously 
it does not have a bi-Hamiltonian counterpart until 7, = Yi(H ) 7^ 0, but has 
equivalent quasi-bi-Hamiltonian representation on 2n dimensional manifold 
M. Indeed, as $ = dHi then 

u dHi = n<A/^_i = nofii(Xi_i + iifi 2 Y ) = n niiiodfli-i + 7*iWi. 
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Notice that both Poisson structures n and Ho^Ilo share the same Casimir 
H and all Hamiltonians Hi are independent of the Casimir coordinate H = 
c, so the quasi-bi-Hamiltonian dynamics can be restricted immediately to 
any common leaf M of dimension 2n 

irodHi = TridHi-x + ji-KodHx, i = 1, n, (5.8) 

where 

TTO = IIo|m, 7Ti = (IIofilIIo)|Af 

are restrictions of respective Poisson structures to M. Hence we deal with a 
Stackel system whose separation coordinates are eigenvalues of the recursion 
operator N = vrivr,^ 1 [12], provided that N has n distinct and functionally 
independent eigenvalues at any point of M, i.e. we are in a generic case. 

The advantage of bi-inverse-Hamiltonian representation when compared 
to bi-Hamiltonian ones is that the existence of the first guarantees that 
the related Liouville integrable system is separable and the construction of 
separation coordinates is purely algorithmic (in a generic case), while the 
bi-Hamiltonian representation does not guarantee the existence of quasi-bi- 
Hamiltonian representation and hence separability of related system. More- 
over, the projection of the second Poisson structure onto the symplectic foli- 
ation of the first one, in order to construct a quasi-bi-Hamiltonian represen- 
tation, is far from being a trivial non-algorithmic procedure. 

Let us illustrate the case on the example of the Henon-Heiles system on 
M 4 given by two constants of motion 

H i = 2^1 + ^2 + 01 + ^9id> H 2 = ^Q2PiP2-^qipl + j^qt + ^qlql (5.9) 

On K 5 differentials dHi and dH 2 have bi-inverse-Hamiltonian representation 
of the form 





= 






= dH x 


= Q 1 Y 




= dH 2 









= n,Y 2 
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where /i = 1, vector fields Yi are 
F = (0,0,0,0,1) T 



1 



Y 1 = X 1 + Y 1 (H )Y = (p ljP2 , -3qj - -g 2 2 , - qi q 2 , -q x ) T 
Y 2 = X 2 + Y 2 (H )Y = (^q 2 P2, ^q2Pi - qiPi, ^pI ~ 7^i<?2> 



-^P\P2 ~ ^4 - ^^lte, -^2 



and presymplectic forms 



2\T 



^0 



< 





-1 





o\ 











-1 
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o J 
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-3gf - \q\ 


-qiQ2 
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-P2 





/ 



are d-compatible with respect to the canonical Poisson tensor dual to Qq one. 
The chain starts with a kernel vector field Yq of Qq and terminates with a 
kernel vector field Y 2 of Q±. On IR 4 we have 



<^o — ^o| 
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-1 
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-1 












1 










• 








\o 1 
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\q 2 













J 



15 



and the quasi-bi-Hamiltonian representation takes the form (15.81) . where 



7TQ 



711 



n 



o|r 4 



/ o 



-1 



n fiiii 
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7ro^i7r , 



7i = —q\ and 72 = —\q\- Separation coordinates (Ai,A2), which are eigen- 
values of the recursion operator N = hiHq 1 = uj q 1 uj\, are related to (91,^2) 
coordinates by the following point transformation 



qx = Ai + A 2 , 



-A1A2 



Obviously, Hamiltonians (15.91) do not form a related bi-Hamiltonian chain 
contrary to Hamiltonians (15.71) . 



6 Poisson and presymplectic structures in R 

In this section we consider the Poisson and presymplectic structures in R 3 . 
In this case we have a convenient description of the Poisson tensors and 
presymplectic forms and can obtain simple conditions for compatibility. In 
R 3 all Poisson tensors are described by the following theorem [I]. 

Theorem 14 Any Poisson tensor II in M 3 , except at some irregular points, 
has the form 

IF = [ie ijk d k H. (6.1) 

Here \i and H are some differentiable functions in M 3 and e yfe is a Levi-Civita 
symbol. 

Note that for the above Poisson tensor we have UdH = that is the kernel 
of II is spanned by the form dH. To have consistency we chose the function 
/1 in (16. ip the same as the one used in (15. ip . The compatible Poisson tensors 
in R 3 are characterize by the following theorem [T]. 
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Theorem 15 Let a Poisson tensors H and Hi be given by (Jlo) 1 -' = Ho e 
and (Jli)^ = fiie^ k dkHi, where /x , Hi and H , Hi are some differentiate 
functions. Then Ho and Hi are compatible if and only if there exist a differ- 
entiate function Q(Hq, Hi) such that 

Hi = Ho^ (6.2) 

provided that d Hl <5> = d^/dHi ^ and d Ho <$> = d<$>/dH Q ^ 0. 

For example, from the above theorem it follows that a Poisson tensor 
n , given by /i and a function H , and a Poisson tensor III, given by —fj, 
and a function Hi, are compatible. One should take <3> = Ho — Hi. The 
presymplectic forms in R 3 are described by the following lemma. 

Lemma 16 Any closed two-form Q in M. 3 has the form 

&ij = £ijkY k -> (6.3) 

where Y = (Y 1 , Y 2 , Y 3 ) T is a divergence free vector 

V • Y = diY* = 0. (6.4) 



Note that for the above presymplectic form we have QY = 0, that is the 
kernel of Q is spanned by the vector Y. Next let us consider a dual pair. 

Lemma 17 Consider a Poisson tensor H, TL^ = fie^dkH, and a presym- 
plectic form Q, Qij = 6ij k Y k . Then (IT, Q) is a dual pair if and only if 

fjY(H) = /iY i diH = 1. (6.5) 



Proof. The form f2 is dual to the Poisson tensor II if the following partition 
of the unit operator holds 

I = Tin + fiY (g> dH. 

The above equality is equivalent to ( 16. 5ft . □ 

We have a simple condition for compatibility of a Poisson tensor and a 
presymplectic form. 
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Lemma 18 The Poisson tensors IT, given by (II) 1 - 7 = /ie lJ d^H, and the 
presymplectic form Q, given by (fi)ij = £ijkY k ' , are compatible if 

Y(n\Y(H)]) = Y% (fjY(H)) = 0. (6.6) 

Proof. We have 

QUQ = fjY(H)Q. 
The above form is given in terms of a vector Y(H)Y. It is closed if 

V • (fiY(H)Y) = Y(/jY(H)) = 0. 

Since V • Y = the above equation is equivalent to (16. 6p . □ 

As a corollary of the previous lemma we have the condition for the d- 
compatibility of two Poisson tensors. 

Lemma 19 Consider a dual pair (ITo, Qq) where the Poisson tensor Uq is 
given by (ITo) 1 - 7 = /xe^c^-ffo and the presymplectic form is given by 
(fio)ij = e ijkYo Then the Poisson tensor Hi, (Jli) 1 -' = —^e % ^ k dkHi, is d- 
compatible with the Poisson tensor n if 

Y {iiY Q {H x )) = 0. (6.7) 

The condition for d-compatibility of two presimplectic forms in M 3 is given 
in the following lemma. 

Lemma 20 Consider a dual pair (U , Q ) where the Poisson tensor U is 
given by (Ho)^ = ^^O^Hq and the presymplectic form Q is given by 
(f2 )jj = e^Y* . Then the presymplectic form = e^Y^ , is d- 

compatible with the presymplectic form flo if 

Vi (#o)^0. (6.8) 

Proof. We have 

n ftiIIo = fiY^Ho)^ 

Since n is a Poisson tensor, the above tensor is a Poisson tensor if Yi(H ) 7^ 
0. □ 

It turns out that in M 3 any two forms and any two Poisson tensors are 
d-compatible. 
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Lemma 21 Let Q , Qi be two presimplectic forms in M 3 , given by (Qo)ij = 
e ijkY k and = tijkYi ■ Then Q and Q± are d- compatible presimplectic 

forms. 

Proof. Take a function Hq such that Yq(Hq) 7^ and Y\(Hq) ^ 0. Define a 
Poisson tensor n by iTq = [Y (H )]~ 1 e^ k dkH . Then by lemma [T71 Il and 
Qo are dual and by lemma [20], the forms Qq and Qi are d-compatible. □ 

Lemma 22 Let Uq, Ux be two Poisson tensors in M 3 , given by (Ho)^ = 
{ie l i k dkHQ and (Jli)^ = —jie l ^ k dkH 1 . Then n and lix are d-compatible 
Poisson tensors. 

Proof. By Darboux theorem we can find the coordinates {ti,t 2 ,t 3 ) such 
that ilx is given by \i\ — 1 and Hi = t 1 . We can construct a closed form Q , 
(fio)ij = e ijhY k , dual to Il and such that d\Y^ = 0. Then 

}{> Wo(#i)) = YoiYj) = 0, 

so Oo an d III are compatible. That is n and TEi are d-compatible. Such a 
form Q can be constructed as follows. Consider the coordinate change 

u x = ti, u 2 = t 2 , u 3 = H (ti,t-2,t 3 ). 

In these coordinates n is given by some Jxq and H = w 3 . Note that if a 
form is given by vector Y = (A, B, C)* in the (u±, u 2 , u 3 ) coordinates then it is 
given by a vector Y = (Ad 3 H , Bd 3 H , C — AdiH — Bd 2 H ) in the (ti, t 2 , t 3 ) 
coordinates. We construct f2 in the (ui,u 2 ,us) coordinates in terms of the 
vector Y = (A,B,Cy. First we choose C = so fiY (H ) = 1. Hence 

n and Qq are dual. Then we choose A such that Ad 3 H does not depend 
on t\ in the {ti,t 2 ,t%) coordinates, so 111 and Qq are compatible. Then we 
choose B such that d\A + d 2 B + <9 3 C = 0, so fl is closed. □ 

7 Bi-presymplectic chains in R 3 

Consider closed two- forms Qq and Qi in some open domain of IR 3 , given in 
terms of vectors Y and Y\ by 

^o,ij = e yfc y o * where = °' *» •? = !' 2 ' 3 
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and 

= tijkYi where d k Y* = 0, i, j = 1, 2, 3. 

By lemma [21] there exists a Poisson tensor Ilo such that Ilo and Qq are 
dual and Qq and Q\ are d-compatible with respect to Ilo. We can choose a 
function H such that /jlY (H ) = 1 and Yi(H ) ^ 0, so IIq = [ie ljk d k H . 
It is easy to see that in M 3 any two presymplectic forms Qq and Qi give a 
bi-presymplectic chain 

n Y = o 

f jin Y 1 = i3 = fjin 1 Y (7.i) 

= fiiFi. 

Then, we can consider a vector field X 

X = U (3. (7.2) 

To construct bi-Hamiltonian representation of the above chain we use 
theorem [131 Let the chain (17. ip be such that 

rio/3 = X = n d#i (7.3) 

and hence 

P = dH!- iiY (Hi)dH . (7.4) 

Then, by theorem [13] (ii) the vector field X defines a Liouville integrable 
system. 

Let us obtain some relations that we will need later. Combining (17. ip 
and (I7.4p we have 



that gives 
and 



Hei ik Y*Yi = H^-hY^HJHm, i = 1,2,3 
Y Q {H x )-nY Q {H 1 )Y Q {H Q ) = U 



Y 1 (H 1 )=fiY (H 1 )Y 1 (H ). 
Using duality of fl and n we have 

f iY 1 n = f i 2 Y 1 (H )Y n + X n , n= 1,2,3. (7.5) 



20 



Note that if >o(#i) = then p is closed and Y 1 (H 1 ) = 0. So, 

Y (H{) = Fi(ifi) = 0. (7.6) 

Following pp every Hamiltonian system in M 3 has a bi-Hamiltonian rep- 
resentation. Thus the vector field X = UqcIHi can be also written as 
X = fiid-Ho, where (5i) y = -[iJ jk d k H 1 for i,j = 1,2,3. 

Theorem [13] also gives the bi-Hamiltonian representation of the vector 
field X. Let us show that these two representations coincide. Let Y (Hi) = 
Y\(Hq) then by theorem [TBI (iii) we can define 

III = n fiin + /iXAFo (7.7) 

that is 

IT/' = -/i 2 Y 1 (H )e ijk d k H + y (X*YJ - X j Y*), i,j = 1, 2, 3 
Since X 4 = e^IIgffi^, we can put 

X'Y> - X*Y< = e* k W k , i, j = 1,2,3 

So, 

L™ = -/x 2 Y 1 (H Q )e i ^ k d k H + fie^ k W k = e^ k (-fi 2 Y 1 (H )d k H + fiW k ), 

for all i,j = 1,2,3. Since ITi is a Poisson tensor and dH\ belongs to the 
kernel of II i we have 

- fi 2 Y 1 (H )d k H + fiW k = -iid k R x (7.8) 

where /i is an arbitrary function. For W k we have 

W k = e ijk X% k = fi e^ k e imn H Qin H 1>m Yi = y, (5?5 k - 6 k m 5])H , n H hm Yj 
= hY^H^Hq^- nY Q {H Q )H 1>k , fc = 1,2,3 

where Ho jk = d k H and Hi ;k = d k H±. Using the above equality for W k in 
(Ol) we get 

- y 2 Y 1 (H )d k H + /i 2 r (#i)#o,fc - ^#i,k = -l*H ltk , fc = 1,2, 3 
which gives 

Fi(#o) = F (#i)- (7.9) 
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Eqs. fl7.9p and (17.51) are the only constraints on Y and Y±. We conclude 
that any presymplectic chain which fulfills the condition (17. 3p leads to a 
bi-Hamiltonian chain. 

As the next example shows, there exist presymplectic chains that do not 
admit a dual bi-Hamiltonian representation. 

given by 







-l 
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^ o 





o j 





and Q\ 
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R 3 , 
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-b 
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, b - 


-a 









#0,3 


-#0,2 \ 


#0,3 





#0,1 


#0,2 


— #o,i 


0/ 



where a, 6 and c are the functions of xi, X2 and 23. Their kernels are spanned 
by vectors Y = (0, 0, 1)' and Y\ = (a, b, cf respectively. Since V • Y± — 
then we have 

d\a + <9 2 & + <9 3 c = 0. 
We take a Poisson tensor Hq in the form 



n = n 



where /1 and Hq are arbitrary functions of x x ,x 2 and x 3 . If /#/o,3 — 1, then 
one can easily show that n and Qq are dual and Qq and fij are d-compatible 
with respect to n . The forms Sl and Qi make a presymplectic chain 

n Y = 

/ifioFi = = fi^Yo (7.10) 
= fliYi, 

where (3 = fi(b, —a, 0) 4 . Considering a vector field X 

X = n /3 = ^(a,6,0)*. 
We find that an additional condition 

X = Ilodtfi, 

gives 

a = #0,3 #1,2 — #0,2 #1,3, (7-11) 
6 = -/f ,3#i )1 + #o,i# 1 ,3, (7.12) 
V(aH 0tl + bH 0>2 ) = H 0tl H h2 -H 0>2 H 1>u (7.13) 
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and from the constraint (17.91) we get 

H li3 = aH 0il + bHo,2 + cH ,3. (7.14) 

Using a and b from the equations (17. lip and (17.121) respectively we show that 
(17.131) is identically satisfied. Using fiH 3 = 1 and the identity (17.131) in 
(T7TT4D we get 

c = fiH 1>3 - #o,i #i,2 + #0,2 #1,1. (7.15) 

As a summary we are left with the equations (17.111) . (I7.12p . (17.151) for a,b, 
and c and the duality condition fiH ;s=l. When we use a, b and c in (I7.10P 
we obtain that 

(/#fi, 3 ) l3 = 0. (7.16) 

This is nothing else but the d-compatibility condition (16.71) . i.e., Y (fjY (Hi)) = 
0, of the Poisson tensors n and IIi . Eq. (17.161) means that 

H 1 = h 1 (x\x 2 )H + h 2 (x\x 2 ) (7.17) 

where hi and h 2 are arbitrary functions of x 1 and x 2 . Using (17.171) we get 

a = (/ii, 2 #o + M#o,3, (7.18) 

b = -(/il,l# + /i2,l)#0,3, (7.19) 

c = ^i-(/ii, 2 #o + M#o,i + (/ii,i#o + M#o,2- (7.20) 

The above equations might be considered as differential equations to deter- 
mine Hq, hi and h 2 with no conditions on a, b and c. When we use ( I7.18P 
and (17.191) we find that 

ah 2t i + bh 2t2 u ah h i + bhi )2 

ahi^i + bhi y2 Mi, 1^2,2 - hi t2 h 2t i 

These equations put a constraint on the x 3 dependence on the given functions 
a,b and c. Hence we may have a presymplectic structure with the conditions 
(17.211) not satisfied and thus obtain a presymplectic chain with no dual bi- 
Hamiltonian chain. 

8 Bi-Hamiltonian chains in R 3 

Suppose we have two compatible Poisson structures n and II x in M 3 , given by 
(rio)^- = fie ijk d k H and (II i)^- = -fie ijk d k Hi, = 1,2,3). The Casimirs 
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of the n and Hi are dH and dHi respectively. Then we can consider a 
bi-Hamiltonian chain 

n d#o = 

UodHt = X = Tl^Ho (8.1) 
= riid#i. 

Using theorem 11 we can construct a corresponding bi-presymplectic chain. 
To construct the bi-presymplectic chain we have to find a closed form Q Q 
dual to the Poisson structure n and compatible with the Poisson structure 
111. By lemma [22] such a form always exists. Having such a form Qq the 
construction of the bi-presymplectic chain is straightforward. We start with 
(Q )ij = -£ijkY k , i,j = 1,2,3 where 

V-y = 0, tiY {H ) = l, (8.2) 

Y (nY (H 1 )) = Q (8.3) 

and fl\ is found from Y\ — fi Yi(Hq)Yq + - X. The equation (18.31) is obtained 
from the divergence free condition of Y\ = [iYi(Ho)Y + j^X. 

Example 2 Consider the Lorentz system [T] 

|x 2 = - Xl X 3 
£x 3 = X X X 2 

It admits a bi-Hamiltonian representation (18.11) with H = |(x 3 — xf), fi—1 
and Hi = x\ + x\. The form Qq dual to Ho and compatible with Hi is given 
by 

/ 7 ~P\ ( 1/4 0\ 

= - -7 a , n = -1/4 -an/2 
\ 6 -a / \ cci/2 / 

where the vector Yq = (a,/?, 7)*. The conditions on and 7 are 
V • F = d ia + <9 2/ 3 + <9 37 = 0, Y (H ) = l - 1 - l - Xl a = 1. 
One can find fii having determined Yi from (17.51) 

Y\ = (-x 2 + 2ar], —x\ x 3 + 2/577, x i x z + 2 7 ? ?) 
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where rj — ■= Yq(Hi) = /3x 2 + 7x3. We have an additional constraint on a, (3 
and 7 coming from V • Y\ = which reads 

Y (t]) = adir] + (3d 2 r] + 7<9 3 ?7 = 

A simple solution for the above presymplectic structures is given as a = 
-2/xx, fJ = -2x 2 /xi-? = 0. 

It is also possible to start with a dual pair and construct a second d- 
compatible Poisson structure with given properties. The following example 
gives hints how to solve equations arising from d-compatible Poisson struc- 
tures. 

Example 3. We take a dual pair (IIo, fio) an d construct a Poisson tensor 
111, compatible with a given pair, such that II 1 is non linear in x 3 . 

Let Hq be given in canonical coordinates. We take the form Qq as follows 
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where f\ = d\f and f 2 = d 2 f for some function f(xi,x 2 ). Note that (^o)ij — 
—tijkYo where Y = (— / 2 , f\, 1) and H = x 3 . It is easy that V • Yo = 0, so 
by lemma fT6l Qn is closed and equality ( 16. 5ft holds, so by lemma fT71 is dual to 
IIo. We construct a Poisson tensor IIi compatible with Qq. Let ITi be given 
by (ITi)jj = eijkdkX- Note that ITi is compatible with IIo. By the lemma [T9l 
flo and LTi are compatible if equality (I6.7P holds. Consider 

YqVx = -f*<hx + h d zX + d 3 x- 
Let us perform the coordinate transformation 

£ = a(xx,x 2 ,x 3 ) 
7] = P(xt,x 2 ,x 3 ) 
( = 7(xi,x 2 ,x 3 ). 

Then 

diX = d^xdia + d v xdil3 + d c xd\l 
d 2 x = d x d 2 a + d v xd 2 (3 + <9 c x<9 2 7 
d 3 X = d^xdsa + d v xd 3 /3 + d c xd 3 j, 

so 

Y -Vx= {-hd x a + f\d 2 a + d 3 a)d a + (-/ 2 &/3 + f&P + d 3 (3)d vX + 
(-/ 2 9i7 + /i9 2 7 + d 3 ^)d c x 
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To simplify the above expression we choose (3, 7, a such that 

-f2di(3 + hd 2 f3 + d z (3 = Q 

-/2#l7 + /i^27 + 9 3 7 = 
(-f 2 d l a + /i^a + <9 3 a) = 1, 

hence 

Using the above technique we can solve Yo(ifo) = 1 an d in particular y (^o(-^i)) = 
very easily. The equality (16. 5p holds if H = £. Then, F (^o(-^i)) — = 
and 

H 1 = A 1 (t,T l )Z + A 2 (t,T f ), 
where A\, A 2 are some arbitrary functions of (, rj. As an application let 

77 = xix 2 , ( = x 3 -\nx 2 , £ = x 3 

and / = x±x 2 = rj. Then, H = x 3 and 

Hi = Ai(x 3 - \nx 2 ,xix 2 )x 3 + A 2 (x 3 - lnx 2 ,xix 2 ), 

where A and B are functions of (x 3 — \nx 2 ) and xi x 2 . 
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